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Hoc la thich ngay!

BAI GIANG: VECTO VA CAC PHEP TOAN VECTO TRONG KHONG GIAN
CHUYEN PE: VECTO TRONG KHONG GIAN. TOA PQ TRONG KHONG GIAN
MON: TOAN 12
GIAO VIEN: POAN NGQC DUY TRINH

v Ndm vitng Kién thire co ban: Dinh nghia va tinh chat ciia vecto trong khong gian, cdc phép todn
cong, trur, nhan vé hudng, nhan co huong; cdu tric cia hé toa do Oxyz.

v Sir dung phwong phdp vecto va toa dé dé gidi quyét cdc bai toan hinh hoc vé quan hé vuéng goc,
song song, va dong phang trong khéng gian.

&Y 1. VECTO TRONG KHONG GIAN

Tim céac khoang don diéu ctia ham sé

Tuong tu nhu vecto trong mat phing, vecto trong khong gian 1a mot doan thang c6 hudng.

Kihigu AB chi vecto c6 diém dau la A, diém cudila B.

Néu khong can chi rd diém dau va diém cuéi thi vecto con duoc ki hicu 1a &,b,0,7,...

Nhan xét: Trong khdng gian, cac khai niém c6 lién quan dén vecto nhu gia cua vecto, do dai vecto, vecto

khong, hai vecto ciing phuong, cling hudng, nguoc huéng, bang nhau, ddi nhau duge dinh nghia trong ty nhu

trong mit phang
Vi du 1: Cho hinh hop ABCD-AB'C'D’. Tim céc vecto (khac vecto 0):

a) Cung phuong voi AB;

b) Nguoc hudng véi AB X B

¢) La vecto ddi cua AC ; X

d) Ciing gid véi AC ; / ,él
¢) Cling do dai véi BD Hf

f) Bing CB.

Céach giai:

a) Vecto cung phuong véi AB 1a: BA, CD, DC, AB', BA, CD/, DC

’ ’ g

b) Vecto nguoe hudng voi AB la: BA, BA, C'D’, CD

¢) Vecto la vecto déi cua AC la: CA, C'A

d) Vecto cling giavsi AC' la: C'A
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e) Vecto cung do dai voi BDIa: DB, BD', DB’

f) Vecto bing CB1a: DA, CB’, DA

@\ Il. TONG, HIEU CUA HAI VECTO'

Téng cua hai vecto

Trong khong gian, cho hai vecto & va b . LAy didm O bAt ki va hai diém A B sao cho OA=4, AB =b . Khi
do, OB duoc goi la tdng cua hai vecto & va b, kihiéu 3+b.
Nhan xét: Phép cong cac vecto trong khong gian ciing ¢ cac tinh chét va quy tic nhu phép cong céc vecto

trong mat phang:

Tinh chat giao hoan: 3+b=b +3;

Tinh chit két hop: 3+b+C=(E+b)+C=a+(b+C);

Tinh chit cong véi vecto khong: 8+0=0+3=4;

Quy téc ba diém: véi ba diém A B,C tacé AB+BC = AC;

Quy tic hinh binh hanh: néu ABCD Ia hinh binh hanh thi AB+ AD = AC .

Quy tic hinh hap: Cho hinh hop ABCD-ABC'D. Tacé: AB+AD + AA = AC .

Vi du 2: [Pé chinh thirc ky thi Tt nghiép THPT Quédc gia ndm 2025] Cho hinh ling tru ABC-AB'C’ (xem

hinh v&). Phét biéu nao sau day la ding?

B’ , '

B C

A BA+AC =BC'. B.BA+AC =CB. C.BA+AC =BC. D. BA+AC =AA .
Cach giai:

Tacé BA+AC =BA+AC =BC

Chon C. h i

Vi du 3: Cho hinh hop chit nhat ABCD.EFGH . Tim vecto:

|
!
S F G <
a) DA+DC +DH; —Lh““‘ni-h A
b) HE +FC + DB. e T
Céch giai: ,»'_':_ T
B C
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a) Ap dung quy tic hinh hop ta c6: DA+ DC + DH = DF

b) HE + FC + DB.

—HE+ED+DB

_1E

Hiéu cua hai vecto

Trong khong gian, cho hai vecto & va b . Khi do, §+(—5) duoc goi la hiéu cua hai vecto @ va b, ki hiéu
a-b.

Quy téc hiéu: Trong khdng gian, véi ba diém A, B,C tacé AB—AC =CB; AB—CB=AC.
Vi du 4: Cho hinh lap phuong ABCD-AB'C'D’ ¢6 canh bang 1. Tim d6 dai cia cic vecto sau:
a) 4=BC-BA+CA;

b) b=BA-DA-BB.

Céch giai:
A n
a) a=BC-BA+C'A !
—AC+CA B o
~C'A+AC i
— % S
=C'C P e
4-4-‘ _e="T [
=la|=|c'c|]=Ccc=1 i
B ¢

b) b =BA-DA-BB
_BD+BB =BD
:|5|:‘@‘=BD’ —AB-\3=13=43

@ lll. TIiCH CUA MOT SO VOI MOT VECTO

Trong khdng gian, cho sé thuc k = 0 va vecto a=0. Tich ctia 6 k v&i & 1a mot vecto, ki hiéu 1 ka, cling

huéng véi @ néu k >0, nguoc hudng voi @ néu k <0 va co d6 dai bang |k |-|&].

Quy udc: 0.a=0 va k.0=0.

Nhan xet:

V6i hai vecto @ va b bét ki, véi moi sé h va k , ta co:

k(a+b) =ka+kb; (h+k)a =hd +ka;

h(kd) = (hk)&; la=a; (-)d =-4;

ki=0<>k =0 hoic a=0.
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Hai vecto d va 5(5 #0) cing phuong khi va chi khi ton tai mot sb k sao cho a=kb .

Ba diém phan biét A, B,C thing hang khi va chi khi ton tai mot sé k khéac 0 sao cho AB=kAC.

Bavecto d,b va ¢ ddng phing (trong d6 a,b khong cing phuong) khi va chi khi tdn tai mot cap sb x, y sao
cho c=xa+yb.

| 14 trung diém cia doan thing AB <> IA+IB=0<> MA+MB =2MI, véi diém M bét ki.

G latrong tdm aABC <> GA+GB+GC =0« MA+MB+MC =3MG, véi diém M bat ki.

Vi du 5: Cho hinh chép S.ABCD c¢6 day 1a hinh binh hanh tim O. Téng SA+SB+SC +SD bang

A. 250. B. 4S0. C. 20S. D. 0.
Céch giai:
Taco O la trung diém cia AC,BD

SA+SC=250 — — — .

. =SA+SB+SC+SD=4S0O

SB+SD =2S0
Chon B.

Vi du 6: Cho t dién ABCD c6 M, N lan luot 14 trung diém cua AB va CD. Biét MN = xBC + yAD . Tinh
gia tri cua biéu thac T = 2x+4y

A l. B.2. C.3. D.4.
Céch giai:

_ [MN=MA+AD+DN
Taco S
MN = MB +BC +CN

= 2MN = (MA+MB)+ (AD + BC) + (DN +CN)
=0 + AD+BC + 0

~MN=1BC:1iaD
2 2

T oox+dy=2-214. 13
2 2

Chon C.
Vi du 7: Cho hinh chép S.ABCD c¢6 day 1a hinh binh hanh. Goi M, N, P lan luot 13 cic diém nam trén canh

bén SA, SB, SC théa man MS =—2MA, SN =3NB, PS+PC =0. Goi Q la giao diém cua SD véi mat phing

(MNP) . Biét SD=kSQ. Tim k.
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A2 B. 13 c. B p. 22,
14 6 9 21
Céch giai:

DPé Q 1a giao diém cua SD vé6i mat phang (MNP)va SD =kSQ
Thi NM,NQ, NP ddng phing

< NQ=x-NM +yNP
< NS +5Q = x(NS +SM)+y- (NS +SP)
. 1 200 1
SNS-1-x—-y)+—SD=x-—SA+y-=-SC
( y) m 3 Yo

o -355oxey)+ L6 x Z5hey L5
4 k 3 2

Taco SA+SC =SB+SD=SD=SA+SC—-SB

< SB- —§+%+3—y +£(§A+§—§)=%§A+l§
4 4 4) kK 3 2
osp [ 3.3, 3y 1) _gaf2x 1), (¥ 1
4 4 4 kK 3 k 2 k
bat —=t
L) AP
4 4 4
= 2x_ =0 :t=£:>k:E
3 13 6
Y i o
2
Chon B.
@

tXY Iv. TiCH VO HUONG CUA HAI VECTO’

GOc gitra hai vecto trong khong gian

Trong khong gian, cho T va V 1a hai vecto khac 0. LAy mot diém A bat ki, goi B va C 1a hai diém sao cho
AB =1, AC =V. Khi d6, BAC duoc goi Ia goc giita hai vecto 0 va ¥ , ki higu (,V).

Nhan xet:

. 0° < (U,V) <180°;

o Néu (T1,V) =90 thi tanoi U va vV vudng goc vai nhau, ki hiéu 0 L V.

Vi du 8: Cho hinh I3p phuong ABCD-AB'C'D’. Tim gdc giita hai vecto:

a)B'—C:vaa’;
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b) BA va AD . 2 D'
Céch giai: . ,/ i o S
a) Tacé BC LCD =BC LCD RV ’
— GOc tao bsi BC' va CD' béng 90 K /,',4’*'\‘\“ ------ D
b) Ta c6: (ﬁ,AD’):(CD',AD’):CD'A ) L

‘

C6 AC,AD,CD’ 1a 3 duong chéo cta cac hinh vudng trong hinh 1ap phurong

= AC =AD =CD = AADC la tam gi4c déu

=CD A=60°

Tich vé hwéng cua hai vecto

Trong khong gian, cho @ va V 1a hai vecto khéc 0. Tich vé huéng ciia hai vecto G va v 1a mot sé, ki higu

-V, dugc xac dinh boi cong thie G-V 5 U |-|V]-cos(U,V).

Nhan xét:

. Néu G =0 hoic V=0 thi G-V=0:

. 0-0=02=0p;02200°=0<0=0;

. Vi hai vecto G va vV khéac 0, ta co COS(U,\_/):lﬁﬁl'r\_/',Ul\_/’@U V=0;

. Véi cac vecto d,b,E bat ki va moi sé k , ta co:

i-b=b-a 3-(b+C)=a-b+a-c; (kd)-b =k(3-b) =3 (kb).

Vi du 9: Cho hinh lap phuong ABCD-AB'C'D’ ¢6 canh bang 1. Tinh:
a) ﬁﬁﬁ(f

b) (E’,A_c’);

C) ‘ﬁ+ﬁ‘

Céch giai:

AB-AC = AB-AC cos(ﬂa’,ﬁ)
—1./2-cosB'AC’

—1.4/2 -cos 45’
=1

AB-CC =0 (Vi AB_LCC)
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b) (E,E’):c'Ac

tanC AC e 1 = CAC~353
AC

2
¢) d z|ﬁ+m|=\ﬁ+(_ﬁ+m+m)\=\m+m+ﬁ

— d2 = AA2 +4AB? + AD? —2AA - 2AB+2-2AB- AD—2AA - AD

=d?=1"+4-1*+1°

—=d*=6
—=d=+6
Vi du 10: Cho hinh chdp tam giac S.ABC c6 ASB =90",BSC =60",CSA=120",SA=3,SB=2,SC =1. Tinh
| SA+SB+SC|.
A. J13. B.4. C. J11. D. \14.
Cach giai: s

Pat |SA+SB+SC |=d , ta co:

d? = SA? + SB? + SC? + 2SA-SB +2SB - SC + 25C - SA
=37 +2°41°+2.0+2-2-1-c0s60" +2-1-3-c0s120°
=13

—d =413

Chon A.

B

Vi du 11: Cho hinh ling tru diing ABC-AB'C’ ¢6 day 1a tam giac ABC vubng cin tai B, AB=a. Goi « la

NG

goc giira hai dudng thang AB' va BC'. Biét khoang cach tir C" dén mét phing (ABC) béng aT,tl’nh cosa
A.E. B.l. C.E. D.&.
5 3 3 5
Céch giai:
Goi | 1a giao diém cia AC va AC A’ C
d(C.(ABC)) ¢ . A
_d(c.(aBo)) ¢, N
d(A(ABC)) Al Y
—d(A (ABC)) =22 T
3 J.-' H \'\\
Ké AH LAB (1) J 72\ R
Tacé AB L BC,BC L AA
B
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— BC L (A'AB)
— AH 1L BC (2)
Tir (1) va (2) = AH L (A'BC)
— d(A(ABC)) = AH = %
111
AHZ  AAZ " AB?
1 11

= = +
(a\/gJZ AH2 a2
3

— AA =a\2

Tacé: AB =AB+BBBC=BC+CC
— AB -BC =BB -CC =a+2 a2 =22’
E-B—C'= 2a’
AB-BC'  ay3-a/3

= cos(ﬁ,@) -

2
= C0Sa=—
3

Chon C.
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